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Abstract
Let K be the fraction field of a two-dimensional henselian, excellent, equi-
characteristic local domain. We prove a local-global principle for Galois cohomol-
ogy with certain finite coefficients over K. We use classical machinery from e´tale
cohomology theory, drawing upon an idea in Saito’s work on two-dimensional local
class field theory. This approach works equally well over the function field of a
curve over an equi-characteristic henselian discrete valuation field, thereby giving
a different proof of (a slightly generalized version of) a recent result of Harbater,
Hartmann and Krashen. We also present two applications. One is the Hasse prin-
ciple for torsors under quasi-split semisimple simply connected groups without E8
factor. The other gives an explicit upper bound for the Pythagoras number of a
Laurent series field in three variables. This bound is sharper than earlier estimates.
MSC2010 classes: 11E72, 11E25, 19F15
1 Introduction
Let F be a field and n ≥ 1 an integer that is invertible in F . For an integer i ≥ 0, let
Z/n(i) be the tensor product of i copies of µn, where µn denotes the Galois module (or
e´tale sheaf in a more general context) of n-th roots of unity over varying bases. Let ΩF
denote the set of normalized discrete valuations on F and for each v ∈ ΩF , denote by
Fv the completion of F at v. If F is a global function field (i.e. the function field of a
curve over a finite field), then the classical Albert–Brauer–Hasse–Noether theorem for
Brauer groups implies the Hasse principle for the cohomology group H2(F, Z/n(1)), i.e.,
the injectivity of the natural map
H2(F, Z/n(1)) −→
∏
v∈ΩF
H2(Fv, Z/n(1)) .
The same is true for a number field if we enlarge ΩF by adjoining the real places of F .
In his influential work on higher dimensional class field theory [Kat86], Kato sug-
gested that higher dimensional analogs of this Hasse principle should be concerned with
the cohomology groups Hr(F, Z/n(r − 1)) for r > 1. In that paper he proved, among
others, a theorem which implies the Hasse principle for H3(F, Z/n(2)) when F is the
function field of a curve over a p-adic field. At almost the same time, Saito ([Sai86],
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[Sai87]) studied local class field theory over two-dimensional local rings with finite residue
fields. It can be shown that Saito’s work yields an analog of Kato’s theorem. Namely, if
F is the fraction field of a two-dimensional, henselian, excellent, local domain with finite
residue field, then the Hasse principle for the group H3(F, Z/n(2)) holds (cf. [Hu13,
Prop. 4.1]). In recent years, Kato’s and Saito’s theorems have been relied on in a cou-
ple of papers to derive Hasse principles for torsors under semisimple groups over the
relevant fields. We may cite for example [CTPS12], [Pre13] and [Hu14]. These results
can be viewed as extensions of earlier work over two-dimensional geometric fields with
algebraically closed residue fields (cf. [CTOP02], [CTGP04], [BKG04]).
Research interests in related problems have been summed up by Colliot-The´le`ne
[CT11] to two local-global questions, which aim to generalize the forementioned results
by assuming no cohomological condition on the residue field. As we will work over the
same base field as in his questions, let us now fix the setup and notation.
Notation 1.1. Let K be a field of one of the following types:
(a) The function field of a connected regular projective curve over the fraction field
of a henselian excellent discrete valuation ring A. We call this case the semi-global case.
(b) The fraction field of a two-dimensional henselian excellent normal local domain
A. This will be called the local case.
Let ΩK denote the set of (normalized, rank 1) discrete valuations on K, and let Kv
be the corresponding completion of K for each v ∈ ΩK . In both cases we denote by k
the residue field of A. Let n ≥ 1 be an integer that is invertible in k.
By resolution of embedded singularities on two-dimensional schemes ([Sha66, p.38
and p.43], [Lip75, p.193]), in both cases one can find a connected regular two-dimensional
scheme X equipped with a proper morphism π : X → Spec(A) satisfying the following
conditions:
• The reduced closed fiber Y of π is a simple normal crossing (snc) divisor on X .
• The function field of X is isomorphic to K.
• In the semi-global case the morphism π is flat, and in the local case π is birational.
The use of such an A-scheme X will be necessary in the proofs of our main results
and can make the statements a little stronger. So we will fix it as part of our notation.
The two questions of Colliot-The´le`ne are the following:
(1) Let r ≥ 2 be an integer. Is the natural map
Hr(K, Z/n(r − 1)) −→
∏
v∈ΩK
Hr(Kv, Z/n(r − 1))
injective?
(2) Let G be a smooth connected linear algebraic group over K. Does the natural
map of pointed sets
H1(K, G) −→
∏
v∈ΩK
H1(Kv, G)
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have trivial kernel? (If the answer is “yes”, this means that a G-torsor over K has a
K-rational point if and only if it has a Kv-point for each v ∈ ΩK .)
As mentioned above, quite a number of results on question (2) have been obtained
when the residue field k is assumed algebraically closed or finite. In the semi-global case,
question (2) together with local-global problems in a different but closely related context
has been studied in [HHK09] and [HHK15]. There a certain K-rationality assumption
on the group G plays a special role in the arguments. Counterexamples have been
given in [CTPS16] to show that the answer to question (2) can be negative without the
rationality assumption.
Nevertheless, if G is a semisimple simply connected group, the Hasse principle for
G-torsors is expected even when G is not K-rational. For groups of many types, question
(2) can be treated by using a positive answer to question (1) via cohomological invariants,
as was done in most of the known results.
In the semi-global case, if A is complete and equi-characteristic, the cohomological
Hasse principle in question (1) has been proved by Harbater, Hartmann and Krashen
([HHK14, Thm. 3.3.6]) using a patching method. This result makes no additional as-
sumption on the residue field and hence yields Hasse principles for torsors under certain
quasi-split groups in this generality (cf. [HHK14, §4.3]).
In this paper, we give a positive answer to question (1) in the equi-characteristic
local case and discuss some applications to question (2).
The goal is to prove the following
Theorem 1.2. ∗ With notation as in Notation 1.1, assume A is equi-characteristic. We
identify the set X (1) of codimension 1 points of X with the subset of ΩK consisting of
discrete valuations defined by these points.
In both the semi-global case and the local case, the natural map
Hr(K , Z/n(r − 1)) −→
∏
v∈X (1)
Hr(Kv, Z/n(r − 1))
is injective for every r ≥ 2. As a consequence, the same holds if the product on the right
hand side is taken over all v ∈ ΩK .
Note that no assumption (except for the restriction on the characteristic) is required
on the residue field.
The r = 2 case of the above theorem was essentially observed in [CTOP02], as was
explained in [Hu12b, §3] and [Hu12a, Thm. 3.2.3].
Grosso modo, the proof of Harbater, Hartmann and Krashen in the semi-global case
goes as follows. They first observe that if R is an equi-characteristic regular local ring
with fraction field F , then the Hasse principle forHr(F, Z/n(r−1)) follows from Panin’s
∗As V. Suresh has observed recently, if we consider discrete valuations coming from all possible
models X , this theorem (and hence all its consequences) can also be proved in the mixed characteristic
case at least when assuming the existence of n-th roots of unity in K. His argument combines a
refinement of our method with analysis of the ramification of each cohomology class on a suitably
chosen model X , and will be written up separatedly.
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work on Gersten’s conjecture for equi-characteristic regular local rings [Pan03]. Then
patching techniques are developed to reduce the cohomological Hasse principle in the
semi-global case to the regular local case. To this end, they define “patch fields” from
data given by the closed fiber of X over A, and prove exact sequences of Mayer–Vietoris
type leading to local-global principles with respect to the patches.
Our proof also starts with the regular local case, which is built upon Panin’s work,
whence the equi-characteristic hypothesis in the theorem. As in [HHK14], the Bloch–
Kato conjecture has to be used. The major difference between the two methods is
that we do not employ any patching machinery but only e´tale cohomology theory. We
distinguish discrete valuations centered in the closed fiber Y and those centered in the
open complement U = X \ Y , and use the hypercohomology of a suitable e´tale complex
that carries information from both Y and U (see §2 for details). This latter idea,
borrowed from Saito’s work on two-dimensional local class field theory ([Sai86], [Sai87]),
is the key to the avoidance of the machinery of [HHK14]. This approach enables us to
treat the local case and the semi-global case in a parallel way, and in our opinion, it is
likely that its combination with the patching method may lead to further observations
in the future.
In the second part of the paper, we present applications of our main theorem to
Hasse principles for torsors under semisimple simply connected groups. In particular,
we will prove in section 3 (after the proof of Theorem 3.5) the following theorem.
Theorem 1.3. Let K be as in Theorem 1.2 and let G be a quasi-split, semisimple,
simply connected group without E8 factor over K. Assume that the order of the Rost
invariant of every simple factor of G is not divisible by the characteristic char(K).
Then the natural map
H1(K, G) −→
∏
v∈ΩK
H1(Kv, G)
has trivial kernel. If G is absolutely simple over K, one can fix a model X as in
Notation 1.1 and replace the index set ΩK with X (1).
Note that even in the semi-global case this theorem covers several groups that go
beyond the results in [HHK14, §4.3]. In the mixed characteristic case, if A is a complete
discrete valuation ring, the theorem is still true for quasi-split groups with only factors
of classical types or of type G2 (see Remark 3.7).
As another application of our cohomological Hasse principle, we will prove in section
4 an upper bound for the Pythagoras number of Laurent series fields in three variables.
As a notational convention, letters x, y, z, t, t1, . . . will be used to denote independent
variables unless otherwise stated.
For any field F of characteristic different from 2, the Pythagoras number p(F ) of F
is the smallest integer p ≥ 1 or infinity, such that every sum of (finitely many) squares
in F can be written as a sum of p squares.
The study of Pythagoras number for Laurent series fields in more than one variables
was initiated by Choi, Dai, Lam and Reznick [CDLR82]. They obtained the equality
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p(k((x, y))) = 2 for a real closed field k (e.g. k = R). For an arbitrary field k, they
proved that if p(k(t)) is bounded by a 2-power, then p(k((x, y))) is bounded by the same
2-power. This result is strengthened in [Hu15, Thm. 1.1] by using Becher, Grimm and
Van Geel’s work [BGVG14] on the Pythagoras number of fields of the shape k((x))(t).
(See also [Sch01] for further results over general two-dimensional local rings and their
fraction fields.)
It is conjectured that the inequality p(R((t1, . . . , tn))) ≤ 2n−1 is still true when n ≥ 3
([CDLR82, p.80, Problem 9]). The n = 3 case is recently proved in [Hu15]. For n ≥ 4,
the best upper bound until now is 2n. In fact, for any field F such that F (
√−1) has finite
cohomological 2-dimension r, a theorem of Pfister combined with Milnor’s conjecture
(now proved in [OVV07]) implies p(F ) ≤ 2r (see section 4).
In this paper we will prove the following theorem.
Theorem 1.4. Let k be a field of characteristic different from 2 and let r ≥ 2 be an
integer. Then
p(k(x, y)) ≤ 2r implies p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2r
and
p(k(x, y)) = 2r implies p(k((x, y, z))) = p(k((x, y))(t)) = p(k((x, y))((z, t))) = 2r .
There are two sample cases to which the theorem applies: k is finitely generated
over R or Q. In both cases our theorem yields sharper bounds than Pfister’s (cf.
Corollary 4.5). Note also that the cohomological dimension of k(
√−1) increases by
m when k is replaced with an m-fold iterated Laurent series field km = k((t1)) · · · ((tm)).
So Pfister’s bound for p(km((x, y, z))) grows rapidly as m goes to infinity. Our hypothe-
sis p(k(x, y)) ≤ 2r in Theorem 1.4 is insensible to this procedure. Therefore, we get the
same bound for p(km((x, y, z))) (cf. Corollary 4.7).
Together with earlier results in [CDLR82], Theorem 1.4 suggests that at least for
n ≤ 3, upper bound estimates of the Pythagoras number of a Laurent series field in n
variables can be reduced to the case of a rational function field in n− 1 variables. This
is consistent in philosophy with Conjecture 5.4 of [Hu15]. (That conjecture combined
with [BGVG14, Conjecture 4.15] will imply p(k((x, y, z))) = p(k(x, y)) in the general
case.)
2 Proof of the main theorem
Given a field F and an integer r ≥ 0, let KMr (F ) denote the r-th Milnor K-group of F .
For any integer n, we write KMr (F )/n for K
M
r (F ) ⊗ (Z/nZ). When r ≥ 1, the group
KMr (F )/n is generated by symbol classes, i.e., elements of the form
a¯1 ⊗ · · · ⊗ a¯r ,
where a¯i ∈ KM1 (F )/n = F ∗/F ∗n.
The proof of our main theorem will use the following K-theoretic fact, which should
be well known to experts.
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Lemma 2.1. Let v1, . . . , vm be a finite collection of independent discrete valuations on
a field F . Denote by Fi the henselization of F at vi for each i. Let n ≥ 1 be an integer
that is invertible in each of the residue fields κ(vi). Then for every r ≥ 1, the natural
map
gr : K
M
r (F )/n −→
⊕
i
KMr (Fi)/n
is surjective.
Proof. We first prove the surjectivity of g1. Indeed, by the weak approximation property
for a finite number of discrete valuations, for any (ai) ∈
⊕
i F
∗
i there exists an element
a ∈ F such that vi(a−ai) > vi(ai) for each i. Then a/ai is a unit for vi and its canonical
image in κ(vi) is 1. By the invertibility assumption on n and Hensel’s lemma, we have
a = ai ∈ KM1 (Fi)/n = F ∗i /F ∗ni for every i, whence the claimed surjectivity.
Now consider the general case. For any α = (αi) ∈
⊕
KMr (Fi)/n, one can choose an
integer N ≥ 1 possibly depending on α, such that each αi is the sum of N symbols
si, j ∈ KMr (Fi)/n , 1 ≤ j ≤ N .
By the surjectivity of g1, there exist symbols s1, . . . , sN ∈ KMr (F )/n such that for every
i and every j, the image of sj in K
M
r (Fi)/n coincides with si, j . Thus, the map gr sends
a :=
∑
j sj to α, showing that gr is surjective.
As already observed in [HHK14, Prop. 3.3.4], the following lemma is an easy conse-
quence of Panin’s work [Pan03] on Gersten’s conjecture for equi-characteristic regular
local rings.
Lemma 2.2. Let R be an equi-characteristic henselian regular local ring with fraction
field F andm > 0 an integer invertible in R. Let R(1) denote the set of discrete valuations
of F corresponding to codimension 1 points of Spec(R). For each v ∈ R(1), denote by
F(v) the henselization of F at v and κ(v) the residue field of v. Let π ∈ R be a regular
parameter in R (i.e. π is an element of a regular system of parameters of the regular
local ring R), identified with the element of R(1) defined by the prime ideal πR of R.
Then for any integers r, j ≥ 1, the natural map
(ρ, ∂) : Hr(F , Z/m(j)) −→ Hr(F(pi) , Z/m(j))⊕
⊕
v∈R(1) , v 6=pi
Hr−1(κ(v) , Z/m(j − 1))
is injective, where ρ : Hr(F, Z/m(j)) → Hr(F(pi) , Z/m(j)) is the natural map induced
by the inclusion F ⊆ F(pi) and
∂ : Hr(F , Z/m(j)) −→
⊕
v∈R(1) , v 6=pi
Hr−1(κ(v) , Z/m(j − 1))
is induced by the residue maps.
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Proof. Put M = Z/m(j). Let α ∈ Hr(F , M) be such that ρ(α) = 0 = ∂(α). By
[Pan03, §5, Thm. C], we have an exact sequence of e´tale cohomology groups
0 −→ Hr(R , M) ι−→ Hr(F , M) −→
⊕
v∈R(1)
Hr−1(κ(v) , M(−1)) .
For each v ∈ R(1), the map Hr(F, M) → Hr−1(κ(v) , M(−1)) factors through the
natural map Hr(F , M) → Hr(F(v) , M). So α maps to 0 in each Hr−1(κ(v) , M(−1))
and thus comes from an element α˜ ∈ Hr(R , M).
Denote by Rhpi the henselization of R at π. Its residue field κ(π) is the fraction field
of the quotient ring Rpi = R/(π), which is a henselian regular local ring with the same
residue field as R. (Here of course Rpi is a field itself if dimR = 1. In this case we
use the convention that a field is a henselian local ring.) Panin’s theorem ([Pan03, §5,
Thm. C]) applied to Rpi implies in particular that the natural map ιpi : H
r(Rpi , M)→
Hr(κ(π) , M) is injective. On the other hand, by the proper base change theorem we
have natural identifications
Hr(R , M) = Hr(k , M) = Hr(Rpi , M) ,
where k denotes the residue field of R. Now consider the following two commutative
diagrams
Hr(R, M)
ϕpi−−−→ Hr(Rhpi , M)
∼=
y y
Hr(Rpi , M)
ιpi−−−→ Hr(κ(π) , M)
and
Hr(R, M)
ϕpi−−−→ Hr(Rhpi , M)
ι
y yτpi
Hr(F , M)
φpi−−−→ Hr(F(pi) , M)
From the left diagram we see that ϕpi is injective, and the right diagram shows that
0 = φpi(α) = φpi(ι(α˜)) = τpi(ϕpi(α˜)) .
But we know that τpi is injective (by the discrete valuation ring case of Gersten’s con-
jecture, or by Panin’s theorem cited above). So we get α˜ = 0 and hence α = 0.
(2.3) Recall some important facts about hypercohomology, as will be used in our proof
of Theorem 1.2.
Let X be a noetherian scheme. Let D(X) denote the derived category of complexes
of e´tale sheaves of abelian groups on X , and let D+(X) ⊆ D(X) be the full subcategory
of complexes that are bounded below. The global section functor on e´tale sheaves
admits a derived functor RΓ : D+(X) → D+(Ab), where D+(Ab) denotes the derived
category of complexes bounded below of abelian groups. For a complex F ∈ D+(X),
the hypercohomology groups of F , denoted H i(X, F ), are defined as the cohomology
groups of the complex RΓ(F ), i.e.,
H i(X, F ) := H i(RΓ(F )) , ∀ i ∈ Z .
If the complex F is given by a sheaf concentrated in degree 0, then the hypercohomology
groups are the usual cohomology groups.
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Let j : V →֒ X be an open immersion. The direct image functor j∗ has a derived
functor Rj∗ : D+(V ) → D+(X). Since j∗ sends injectives to injectives, one has (by
[Del77, p.308, Chap. C.D., §2.3, Prop. 3.1]) R(Γ ◦ j∗) = RΓ ◦ Rj∗. Thus, for a complex
M ∈ D+(V ),
H i(X, Rj∗M ) = H
i(RΓ ◦Rj∗(M )) = H i(R(Γ ◦ j∗)M ) = H i(V, M ) (2.3.1)
for all i.
Let Z ⊆ X be a closed subscheme. For any sheaf M on X , put
ΓZ(M ) := Ker(Γ(X, M ) −→ Γ(X \ Z , M )) .
This functor admits a derived functor RΓZ : D+(X) → D+(Ab). One defines the
hypercohomology groups with support in Z of a complex F ∈ D+(X) by
H iZ(X, F ) := H
i(RΓZ(F )) .
For the same reason as above, for any M ∈ D+(V ) one has
H iZ(X, Rj∗M ) = H
i
Z∩V (V, M ) (2.3.2)
for all i ∈ Z.
Notation 2.4. Let A, X and so on be as in Notation 1.1. To prove the main theorem
we introduce some more notation:
(1) U := X \ Y , where Y ⊆ X is the reduced closed fiber of π : X → Spec(A). The
natural inclusion j : U →֒ X is the complement of the closed immersion i : Y → X .
In the semi-global case, U is the generic fiber of π. In the local case, π induces an
isomorphism from U to Spec(A) \ {[mA]}, where [mA] denotes the closed point of
Spec(A).
(2) Y0 denotes the set of closed points of Y and Y1 denotes the set of generic points
(of the irreducible components) of Y .
(3) P := X (1) \ Y1, the set of codimension 1 points of X outside Y . One can identify
P with the set of closed points of U . In the local case, π maps P bijectively onto
(Spec(A))(1).
(4) For each p ∈ P , let p¯ denote the scheme-theoretic closure of p in X . Then p¯ ∼=
Spec(B) for some henselian local domain B with fraction field Frac(B) = κ(p),
and therefore, p¯ meets Y at one and only one point (which is the unique closed
point of p¯).
To see this, first note that p¯ is an integral scheme.
In the semi-global case, the structural morphism π : X → Spec(A) induces a finite
morphism p¯ → Spec(A). Hence p¯ is affine. Since A is henselian and local, any
integral finite A-algebra is henselian and local.
In the local case, p can be viewed as a height 1 prime ideal of A and π induces a
finite birational morphism p¯ → Spec(A/p). The quotient A/p is a henselian local
domain, so the assertion follows by the same argument as above.
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(5) For x ∈ X , we denote by A(x) the henselization of the regular local ring OX , x and
K(x) := Frac(A(x)) the fraction field of A(x).
(6) For any x ∈ Y0 ⊆ X , put Px := { p ∈ P | x ∈ p¯ }.
(7) For a fixed point x ∈ Y0 ⊆ X , let ϕ = ϕx : Spec(A(x)) → X be the canonical
morphism. We say a codimension 1 point px of Spec(A(x)) is vertical if ϕ(px) ∈ Y1,
i.e., if the prime ideal px ∩OX , x of OX , x corresponds to an irreducible component
of the reduced closed fiber Y . Otherwise we say px ∈ (Spec(A(x)))(1) is horizontal,
namely, px is horizontal if ϕ(px) ∈ P . We denote by Vx (resp. Hx) the set of
vertical (resp. horizontal) points of Spec(A(x)).
Alternatively, vertical and horizontal points can be described as follows:
Let R 7→ Rh denote the henselization functor of local rings. If I ⊆ OX , x is the
ideal defining Y , then
O
h
Y, x = (OX , x/I)
h = OhX , x/IO
h
X , x = A(x) ⊗OX , x OY,x
by [Gro67, IV.18.6.8]. So we have a cartesian diagram
Spec(OhY, x) −−−→ Spec(A(x))y yϕ
Y −−−→ X
If x is not a regular point of Y , Spec(OhY,x) is not integral. Note however that,
since Y is an snc divisor on the regular scheme X , each irreducible component of
Spec(OhY,x) is defined by a regular parameter in the regular local ring A(x) = O
h
X , x.
Therefore, the cardinality of Vx is 1 or 2, depending on whether x is a regular
point of Y or not. We may thus identify Vx with (Spec(O
h
Y, x))
(0), the set of generic
points of Spec(OhY, x), which is mapped bijectively to (Spec(OY, x))
(0) via ϕ.
Now assume p ∈ Px, i.e., x ∈ p¯. The affine coordinate ring B of the scheme p¯ is a
henselian local domain. Considering p as a prime ideal of OX , x, we have
A(x)/pA(x) = O
h
X , x/p.O
h
X , x
∼= (OX , x/p)h = Bh = B .
It follows that A(x) has a unique prime ideal lying over p, which is given by p.A(x).
So ϕ induces a bijection
Hx := ϕ
−1(Px)
∼−→ Px .
Now consider ϕ−1(U) = Spec(A(x)) ×X U . Since the complement ϕ−1(Y ) =
Spec(OhY,x) is a principal divisor (A(x) being a regular local ring), ϕ
−1(U) is an
affine scheme. We denote its affine ring by Rx, so that there is a cartesian diagram
Spec(Rx) −−−→ Spec(A(x))y yϕ
U −−−→ X
The set Hx can also be viewed as the set of closed points of the scheme ϕ
−1(U) =
Spec(Rx).
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We shall now start the proof of Theorem 1.2.
First note that we may replace each completionKv by the corresponding henselization
K(v). Indeed, for every v ∈ X (1), Kv is a separable extension of K(v), and the natural
map between the Galois cohomology groups induced by this extension is injective (see
e.g. [Kat80, p.624, §1.5, Lemma 12]).
With notation as above, we have X (1) = Y1 ∪ P . The kernel of the local-global map
Hr(K, Z/n(r − 1)) −→
∏
v∈X (1)
Hr(K(v) , Z/n(r − 1))
is contained in the kernel of the map
(ρ , ∂) : Hr(K, Z/n(r − 1)) −→
⊕
η∈Y1
Hr(K(η) , Z/n(r − 1))⊕
⊕
p∈P
Hr−1(κ(p), Z/n(r − 2)) ,
where the map ρ is induced by the natural maps
Hr(K, Z/n(r − 1))→ Hr(K(η) , Z/n(r − 1))
and the map ∂ is induced by the residue maps
∂p : H
r(K, Z/n(r − 1)) −→ Hr−1(κ(p) , Z/n(r − 2)) .
So Theorem 1.2 follows immediately from the following:
Theorem 2.5. With notation and hypotheses as in Theorem 1.2, the map
(ρ , ∂) : Hr(K, Z/n(r − 1)) −→
⊕
η∈Y1
Hr(K(η) , Z/n(r − 1)) ⊕
⊕
p∈P
Hr−1(κ(p), Z/n(r − 2))
is injective.
Proof. Write Λ = Z/n(r − 1). We may consider P as the set of closed points of the
scheme U = X \ Y (Notation 2.4 (3)), and we have the localization sequence of e´tale
cohomology on U :⊕
p∈P
Hrp(U, Λ) −→ Hr(U, Λ) −→ Hr(K, Λ) −→
⊕
p∈P
Hr+1p (U, Λ) (2.5.1)
By the absolute purity for discrete valuation rings (see e.g. [Del77, p.139, Chap. Cycle,
Prop. 2.1.4]), we have
Hdp (U, Λ) = H
d−2(κ(p) , Λ(−1)) , ∀ d ≥ 0 .
Using this identification, the map Hr(K, Λ) → Hr+1p (U, Λ) in (2.5.1) can be identified
with the residue map Hr(K, Λ)→ Hr−1(κ(p), Λ(−1)) (cf. [Kat86, Lemma 1.4 (2)]).
With natural inclusions j : U →֒ X and i : Y →֒ X as in Notation 2.4 (1), put
F = i∗Rj∗Λ. To avoid the need for patching techniques, we borrow from Saito’s work
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[Sai86] and [Sai87] the idea of using the hypercohomology of F . This gives rise to a
commutative diagram with exact rows
⊕
p∈P H
r
p¯(X , Rj∗Λ)

// Hr(X , Rj∗Λ)

// Hr(K, Λ)

//
⊕
p∈P H
r+1
p¯ (X , Rj∗Λ)
⊕
x∈Y0
Hrx(Y, F ) // H
r(Y, F ) //
⊕
η∈Y1
Hr(κ(η) , F ) //
⊕
x∈Y0
Hr+1x (Y, F )
where for each p ∈ P , p¯ denotes its closure in X . In this diagram, the second vertical
arrow is an isomorphism by the proper base change theorem (cf. [AGV73, Exp. XII,
Coro. 5.5]). The first row may be identified with the exact sequence in (2.5.1), by the
functoriality of the functor Rj∗ (cf. (2.3.1) and (2.3.2)). For each η ∈ Y1, there are
canonical isomorphisms
Hd(κ(η) , F ) ∼= Hd(K(η) , Λ) , ∀ d ≥ 0 . (2.5.2)
In fact, η ∈ Y1 can be considered as a codimension 1 point of X . The henselization
OhX , η of the local ring OX , η is a henselian discrete valuation ring, and its fraction field
is denoted by K(η). The proper base change theorem applied to the closed immersion
Spec(κ(η))→ Spec(OhX , η) gives the isomorphism
Hd(κ(η), F ) ∼= Hd(OhX , η , Rj∗Λ) .
The group on the right hand side is isomorphic to Hd(K(η), Λ) by (2.3.1).
Putting all these together, we obtain a commutative diagram with exact rows
⊕
p∈P H
r−2(κ(p), Λ(−1))
γ

α
// Hr(U, Λ)
∼=

φ
// Hr(K, Λ)
ρ

∂
//
⊕
p∈P H
r−1(κ(p), Λ(−1))
⊕
x∈Y0
Hrx(Y, F )
β
// Hr(Y, F )
τ
//
⊕
η∈Y1
Hr(K(η) , Λ)
θ
//
⊕
x∈Y0
Hr+1x (Y, F )
(2.5.3)
Here the maps ρ and ∂ are concerned with (discrete valuations with center in) the
closed fiber and its open complement respectively. We shall prove the desired injectivity
by relating these maps to maps of more local nature via the above diagram. This
method is the substitute for the Mayer–Vietoris machinery of [HHK14] (e.g. [HHK14,
Coro. 3.1.6]). In fact, we need only to prove that the map ρ is injective when restricted
to Ker(∂) = Im(φ). By an easy diagram chase, it suffices to show the surjectivity of the
map
γ :
⊕
p∈P
Hr−2(κ(p), Λ(−1)) =
⊕
p∈P
Hrp¯(X , Rj∗Λ) −→
⊕
x∈Y0
Hrx(Y, F ) .
Here for each pair (p, x) ∈ P × Y0, the (p, x)-component γp, x of γ is 0 if x does not lie
in the closure p¯ of p in X . Thus the map γ decomposes into a direct sum
γ =
⊕
x∈Y0
(
γx :=
∑
γp, x :
⊕
p∈Px
Hr−2(κ(p), Λ(−1)) −→ Hrx(Y, F )
)
.
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(Recall that Px = { p ∈ P | x ∈ p¯ }.) Therefore, the theorem will follow from the surjec-
tivity of γx for every x ∈ Y0.
Notice that by considering the localization sequences on Spec(Rx) = Spec(A(x))×X U
and on Spec(OhY,x) = Spec(A(x)) ×X Y (cf. Notation 2.4 (7)), we have as an analog of
(2.5.3) the following commutative diagram with exact rows
Hr−1(K(x), Λ) //
g

⊕
p∈Hx
Hr−2(κ(p), Λ(−1))
γx

αx
// Hr(Rx, Λ)
∼=

φx
//
⊕
η∈Vx
Hr−1(K(x, η) , Λ) // H
r
x(Y, F )
βx
// Hr(OhY, x, F )
τx
//
φx
// Hr(K(x), Λ)
ρx

∂x
//
⊕
p∈Hx
Hr−1(κ(p), Λ(−1))

// · · ·
τx
//
⊕
η∈Vx
Hr(K(x, η) , Λ)
θx
// Hr+1x (Y, F ) // · · ·
(2.5.4)
(Hx and Vx are the sets of horizontal and vertical points respectively, as defined in
Notation 2.4 (7).) Here for each η ∈ Vx, K(x, η) is the henselization of K(x) = Frac(A(x))
with respect to the discrete valuation corresponding to η. More precisely, the field
K(x, η) is defined as follows: We localize A(x) at η (considered as a codimension 1 point
of Spec(A(x))) and let A(x, η) be the henselization of the localization. Then denote by
K(x, η) the fraction field of A(x, η).
Note that in the bottom row of (2.5.4), the group Hr(OhY, x, F ) plays the role of
the group Hr(Y, F ) in (2.5.3), and we have Hrx(Y, F ) = H
r
x(O
h
Y,x, F ) by [Mil80, p.93,
Cor. III.1.28]. (So the map βx in (2.5.4) is the local variant of the map β in (2.5.3). And
similarly for the maps τx and θx.) That the cohomology of F on κ(η) can be replaced
by the cohomology of Λ on K(x, η) is exactly an analog of the isomorphism in (2.5.2).
By the Bloch-Kato conjecture, which becomes a theorem thanks to the work of Rost,
Voevodsky et al (see [Voe11]), for any field F of characteristic not dividing n, one has a
canonical isomorphism
Hr−1(F , Λ) = Hr−1(F, Z/n(r − 1)) ∼= KMr−1(F )/n .
Since r ≥ 2, it follows from Lemma 2.1 that the map g in diagram (2.5.4) is surjective
(keeping in mind that the invertibility condition on n is contained in Notation 1.1).
On the other hand, since Y is an snc divisor on X , each of its irreducible components
is locally defined by a regular parameter. So we may apply Lemma 2.2 to the local ring
A(x) together with the maps ρx and ∂x in (2.5.4). Thus, we obtain
Ker(ρx) ∩ Im(φx) = Ker(ρx) ∩Ker(∂x) = 0 .
Hence, the induced map ρx : Im(φx) → Im(τx) is injective. This injectivity combined
with the the surjectivity of the map g implies that γx is surjective, as can be shown by
an easy diagram chase. This completes the proof of the theorem.
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Remark 2.6.
(1) The statement of the main theorem (Theorem 1.2) does not hold if r = 1.
Counterexamples can be found in [CTPS12, §6] in the semi-global case and in [Jaw01,
Thm. 1.5] or [CTOP02, Remark 3.3] in the local case.
(2) In the proof of Theorem 2.5, the only place where we have relied on the equi-
characteristic assumption is the following version of Gersten’s conjecture: The complex
0 −→ Hr(A(x) , Z/n(r−1)) ι−→ Hr(K(x) , Z/n(r−1)) −→
⊕
v∈A
(1)
(x)
Hr−1(κ(v) , Z/n(r−2))
(with A(x) and K(x) defined as in Notation 2.4 (5)) is exact for every closed point x of
X .
So, if Gersten’s conjecture is true for the sheaf Z/n(r − 1) over every 2-dimensional
henselian excellent regular local ring, then Theorems 1.2 and 2.5 are still true without
the equi-characteristic assumption.
(3) The Galois module Z/n(r − 1) in Theorem 1.2 cannot be substituted by an
arbitrary finite Galois module. In fact, in both the semi-global case and the local case,
even with an algebraically closed residue field, there exists a finite Galois module µ such
that the Hasse principle for H2(K, µ) fails ([CTPS16, Corollaires 5.3 and 5.7]).
3 Applications to torsors under semisimple groups
Unless otherwise stated, we will keep the notation and hypotheses of Theorem 1.2 in this
section. In particular, A denotes an equi-characteristic, henselian, excellent, normal local
domain with residue field k. X is a two-dimensional regular integral scheme equipped
with a proper morphism π : X → Spec(A) whose closed fiber is an snc divisor. K is the
function field of X . In the semi-global case, A is a discrete valuation ring and π is flat.
In the local case, A is two-dimensional and π is birational.
We shall give a number of Hasse principles for torsors under semisimple algebraic
groups and for related structures. These Hasse principles are easy consequences of our
cohomological Hasse principle (Theorem 1.2) thanks to injectivity properties of certain
cohomological invariants. Since this strategy is certainly well-known to experts and has
already been used by several authors in similar contexts (see e.g. [CTPS12], [HHK14],
[Pre13], [Hu14]), here we will only explain very briefly the results.
In the rest of this section, we denote by G a semisimple simply connected algebraic
group over K and we consider the pointed set
X(X , G) := Ker

H1(K, G) −→ ∏
v∈X (1)
H1(Kv, G)

 .
When G is absolutely simple, we denote by
RG : H
1(K, G) −→ H3(K, Q/Z(2))
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the Rost invariant of G over K. The order of RG can be determined explicitly according
to the type of G (cf. [KMRT98, pp.437–442]). Here we will always assume that the
order of RG is invertible in k (or equivalently, in K). (In Theorems 3.2, 3.4 and 3.5, this
condition boils down to the assumption char(K) 6= 2.)
The following list of Hasse principles follows as were discussed in [HHK14, §4.3] in
the semi-global case. These results do not require any assumption on the residue field k
(except for the restriction on the characteristic with respect to the Rost invariant). We
refer the reader to [Pre13] and [Hu14] for more details when k is assumed finite.
• (Groups of type 1A∗n.) Let D be a central simple K-algebra of square-free index
and let G = SL1(D). The Rost invariant of the group G is injective by [Sus85,
Thm. 24.4]. (Our assumption on the order of the Rost invariant implies that the
index of D is invertible in k.) So we have X(X , G) = 1 by Theorem 1.2.
• (Groups of type G2.) Let G be the automorphism group Aut(C) of some Cayley
algebra C over K. If ξ ∈ H1(K, G) corresponds to a Cayley algebra C ′, the Rost
invariant RG maps ξ to e3(NC) − e3(NC′), where NC and NC′ denote the norm
forms of C and C ′ respectively and e3 is the Arason invariant for quadratic forms.
Two Cayley algebras are isomorphic if and only if their norm forms are isomorphic.
Since the norm form of a Cayley algebra is a 3-fold Pfister form and the Arason
invariant is injective on Pfister forms by a well-known theorem of Merkurjev (cf.
[Ara84, Prop. 2]), the Rost invariant RG has trivial kernel. Hence, X(X , G) = 1.
A similar result was discussed in [HHK15, Example 9.4 (a)].
• (Quasi-split groups.) For a quasi-split group G, we have X(X , G) = 1 in the each
of the following cases:
(1) G is exceptional not of type E8;
(2) G is of type Bn with 2 ≤ n ≤ 6;
(3) G is of type Dn with 3 ≤ n ≤ 6 or split of type D7;
(4) G is of type 2An with n ≤ 5.
Indeed, the triviality of the Rost kernel in these case has been proved in [Gar01]
(see also [Che03] in the first case).
• (Groups of type F red4 .) Recall that to each Albert algebra J ′ over K one can
associate three cohomological invariants (cf. [Ser95, §9.4] or [KMRT98, §40])
f3(J
′) ∈ H3(K, Z/2), f5(J ′) ∈ H5(K, Z/2) and g3(J ′) ∈ H3(K, Z/3)
such that the following properties hold:
(1) J ′ is reduced if and only if g3(J
′) = 0.
(2) Two reduced Albert algebras are isomorphic if and only if they have the same
f3 and f5 invariants.
Let G = Aut(J) be the automorphism group of a reduced Albert algebra J over
K. Our cohomological Hasse principle yields X(X , G) = 1 by means of the
invariants f3, f5 and g3.
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We now discuss the Hasse principle for some other groups.
For any field F of characteristic different from 2, we denote by W (F ) its Witt group
of quadratic forms and for each r ≥ 1, we denote by Ir(F ) the subgroup generated by
the classes of r-fold Pfister forms. By the quadratic form version of Milnor’s conjecture
(proved in [OVV07]), there is a canonical homomorphism
er : I
r(F ) −→ Hr(F, Z/2)
sending the class of a Pfister form
〈〈a1, . . . , ar〉〉 := 〈1, −a1〉 ⊗ · · · ⊗ 〈1, −ar〉
to the cup product
(a1) ∪ · · · ∪ (ar) ∈ Hr(F, Z/2) ,
whose kernel is Ir+1(F ).
Proposition 3.1. Let X and K be as in Theorem 1.2. Assume char(K) 6= 2.
Then for each r ≥ 2, the natural map
Ir(K) −→
∏
v∈X (1)
Ir(Kv)
is injective.
Proof. Let Jr be the kernel of the map in the proposition. The commutative diagram
Ir(K) −−−→ ∏ Ir(Kv)y y
Hr(K, Z/2) −−−→ ∏Hr(Kv, Z/2)
together with Theorem 1.2 shows that for every r ≥ 2,
Jr ⊆ Ir+1(K) = Ker (Ir(K) −→ Hr(K, Z/2)) .
Therefore, we have for each r ≥ 2,
Jr = Jr ∩ Ir+1(K) = Jr+1 = Jr+2 = · · · =
⋂
d≥r
Jd .
Since ∩d≥rId(K) = 0 (cf. [Lam05, Coro. X.5.2]), it follows immediately that Jr = 0.
In the semi-global case, the above local-global principle is also stated for r = 2 in
the last paragraph of [HHK15, §9.2]. (See also [Hu13, Lemma 4.10] for the local case
with finite residue field.)
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Theorem 3.2 (Groups of type C∗n). Let X and K be as in Theorem 1.2. Assume
char(K) 6= 2. Let D be a quaternion division algebra over K with standard involution τ0
and h a nonsingular hermitian form over (D, τ0). Let G = U(h) be the unitary group
of the hermitian form h.
Then the natural map
H1(K , G) −→
∏
v∈X (1)
H1(Kv , G)
is injective. In particular, one has X(X , G) = 1.
Proof. The pointed set H1(K , G) = H1(K , U(h)) classifies up to isomorphism hermi-
tian forms over (D, τ0) of the same rank as h (cf. [PR94, Prop. 2.16]). Let h1 and h2
be two such hermitian forms. Put h′ = h1⊥(−h2) and let qh′ be the trace form of h′.
Two hermitian forms over (D , τ0) are isomorphic if and only if their trace forms are
isomorphic as quadratic forms (cf. [Sch85, p.352, Thm. 10.1.7]). So we need only to
show that [qh′ ] = 0 in the Witt group W (K). Note that the class [qh′ ] ∈ W (K) lies in
the subgroup I3(K). The theorem thus follows from Proposition 3.1.
A special case of the following theorem has been discussed in [Hu13, Thm. 4.9].
Theorem 3.3. Let X and K be as in Theorem 1.2. Assume char(K) 6= 2.
Then for any nonsingular quadratic form φ of rank ≥ 2 over K, the natural map
H1(K , SO(φ)) −→
∏
v∈X (1)
H1(Kv , SO(φ))
is injective.
Proof. Let ψ , ψ′ be nonsingular quadratic forms representing classes in H1(K , SO(φ)).
As they have the same dimension, the forms ψ and ψ′ are isometric if and only if
they represent the same class in the Witt group. Since ψ and ψ′ also have the same
discriminant, we have [ψ]− [ψ′] ∈ I2(K) by [Sch85, p.82, Chapt. 2, Lemma 12.10]. Then
the theorem is immediate from Proposition 3.1.
In the (semi-global) case where A is a complete discrete valuation ring, one can use
[CTPS12, Thm. 3.1] to prove a variant of Theorem 3.3 without the equi-characteristic
assumption. Consequently, all the numbered results in this section have mixed charac-
teristic versions in that case. Details of the argument will be given in Remark 3.7.
Theorem 3.4 (Special cases of groups of type 2An). Let X and K be as in Theorem 1.2.
Assume char(K) 6= 2. Let h be a nonsingular hermitian form of rank ≥ 2 over a
quadratic field extension L of K and let G = SU(h) be the special unitary group.
Then the natural map
H1(K , G) −→
∏
v∈X (1)
H1(Kv , G)
is injective. In particular, one has X(X , G) = 1.
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Proof. The set H1(K, G) classifies nonsingular hermitian forms h′ which have the same
rank and discriminant as h ([KMRT98, p.403, (29.19)]). Let q be the trace form of h.
There is a natural embedding of G into SO(q). The induced map
H1(K, G) = H1(K, SU(h)) −→ H1(K, SO(q))
sending the class of a hermitian form h′ to the class of its trace form, is injective by
[Sch85, Thm. 10.1.1 (ii)]. The result thus follows from Theorem 3.3.
Theorem 3.5 (Special cases of groups of type Bn or Dn). Let X and K be as in
Theorem 1.2. Assume char(K) 6= 2. Let q be a nonsingular quadratic form of dimension
≥ 3 over K and let G = Spin(q). If q is isotropic over K, then X(X , G) = 1.
Proof. Consider the exact sequence of algebraic groups
1 −→ µ2 −→ Spin(q) −→ SO(q) −→ 1
which gives rises to an exact sequence of pointed sets
SO(q)(K)
δ−→ K∗/K∗2 −→ H1(K, Spin(q)) −→ H1(K, SO(q)) .
Since q is isotropic, the spinor norm map δ is surjective. It suffices to apply Theorem 3.3,
the Hasse principle for the group SO(q).
Our Theorem 1.3 asserts that for a quasi-split semisimple simply connected group
G/K without E8 factor, the Hasse principle for G-torsors holds.
Proof of Theorem 1.3. By a standard argument using Shapiro’s lemma (see e.g. [Hu14,
§3]), we may assume G is absolutely simple. Choosing a proper morphism X → Spec(A)
as in the introduction, we need only to show X(X , G) = 1.
The cases 1An and Cn are trivial, since in these cases H
1(F, G) = 1 for a quasi-split
group G. The exceptional groups (not of type E8) have been discussed earlier in this
section. The cases of classical groups of type 2An, Bn or Dn are covered by Theorems 3.4
and 3.5. This completes the proof.
Remark 3.6. There do exist quasi-split groups for which the Hasse principle holds but
the Rost kernel is nontrivial. For example, the split group of type B7 over R((x, y)) has
a nontrivial Rost kernel as shown in [Gar01, Example 1.6]. But the Hasse principle for
torsors under this group holds according to Theorem 1.3.
Remark 3.7. If we consider discrete valuations arising from varying models X , some
results in this section extend to the mixed characteristic case when A is a complete
discrete valuation ring.
More precisely, let F denote the fraction field of the complete discrete valuation ring
A, and let K be the function field of an algebraic curve over F . By the desingularization
theory for two-dimensional schemes ([Sha66], [Lip75]), there exists a proper morphism
X → Spec(A) as in the semi-global case of Notation 1.1 such that K is the function field
of X . By a divisorial valuation of K we mean a discrete valuation of K that is defined
by a codimension 1 point of such a scheme X .
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Assume that the residue field k of A has characteristic different form 2. Then we
claim that for the field K, the local-global statements in Proposition 3.1 and Theo-
rems 3.2 to 3.5 remain true if the set X (1) is replaced with the set of divisorial valuations
of K.
First of all, the variant of Theorem 3.3 is still true thanks to [CTPS12, Thm. 3.1].
This was explained in [Hu13, Remark 4.12]. On the other hand, one can deduce Propo-
sition 3.1 from Theorem 3.3. Indeed, it is sufficient to show the injectivity of the local-
global map for I2(K). Given a nonsingular quadratic form ψ over K whose class lies in
I2(K), the dimension of ψ is even and the discriminant of ψ is trivial. If ψ is locally
hyperbolic, Theorem 3.3 applied to the hyperbolic form φ with dimφ = dimψ implies
that ψ is hyperbolic over K.
The other three theorems follow from Proposition 3.1 and Theorem 3.3 in the same
way as before.
If G is an absolutely simple simply connected group of type G2 over K, then the
Hasse principle for G-torsors (with respect to the divisorial valuations) follows from the
Hasse principle for I3(K), because Cayley algebras are classified by their norm forms.
Finally, if G = SL1(D) for some quaternion algebra D over K, the Hasse principle
for G-torsors is also an easy consequence of [CTPS12, Thm. 3.1]. This is because saying
an element a ∈ K∗ is a reduced norm for D is equivalent to saying that the quadratic
form 〈−a〉⊥ND is isotropic, where ND denotes the norm form of D.
From the above, we get the following variant of Theorem 1.3:
For the field K as above, let G be an absolutely simple simply connected group over
K such that the order of RG is invertible in the residue field k. Then the Hasse principle
for G-torsors with respect to the divisorial valuations of K holds if G is of type G2 or
quasi-split of classical type.
4 Applications to Pythagoras numbers
In this section we prove Theorem 1.4. The basic strategy is essentially the same as in
the proof of [Hu15, Thm. 5.1].
(4.1) Recall some general facts on the Pythagoras number of fields.
Let F be a field of characteristic 6= 2. Recall that the level s(F ) of F is the smallest
integer s ≥ 1 or +∞, such that −1 is the sum of s squares in F . If s(F ) = +∞, the
field F is called (formally) real. Otherwise it is called nonreal. For any field F one has
s(F (t)) = s(F ) = s(F ((t))).
If F is a nonreal field, s(F ) is a power of 2 and one has
s(F ) ≤ p(F ) ≤ p(F (x)) = s(F ) + 1 = s(F (x)) + 1 = p(F (x, y)) . (4.1.1)
The following theorem will be referred to as Pfister’s theorem.
Theorem 4.2 (Pfister). Let F be a real field and r ≥ 1 an integer. Then the following
two conditions are equivalent:
(i) p(F (t)) ≤ 2r.
(ii) s(L) ≤ 2r−1 for every finite nonreal extension L/F .
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Proof. See e.g. [Lam05, p.397, Examples XI.5.9 (3)].
Remark 4.3. Becher and Van Geel have shown in [BVG09, Thm. 3.5] that the two
conditions in Pfister’s theorem are also equivalent to the following:
(iii) p(L) < 2r for any finite real extension L/F .
Given a field L of characteristic 6= 2 and an integer r ≥ 1, the following assertions
are equivalent:
(1) s(L) ≤ 2r−1.
(2) The r-fold Pfister form 〈〈−1, . . . ,−1〉〉 = 〈1, 1〉⊗r is isotropic over L.
(3) The r-fold Pfister form 〈〈−1, . . . ,−1〉〉 = 〈1, 1〉⊗r is hyperbolic over L.
(4) The cohomology class (−1) ∪ · · · ∪ (−1) ∈ Hr(L, Z/2) vanishes.
Here the equivalences of (1), (2) and (3) are classical and that they are equivalent
to (4) is guaranteed by the quadratic form version of Milnor’s conjecture (proved in
[OVV07]).
Remark 4.4. What we really need in this paper is only the equivalence between prop-
erties (3) and (4) above, but not the full strength of Milnor’s conjecture. While a
K-theoretic analog (cf. [Lam05, Thm. X.6.7]) was known many years ago, this fact
seems to have been proved only for r ≤ 4 (cf. [JR89] and [MS90]) prior to the solution
of Milnor’s conjecture.
Now consider a Laurent series field Fn = k((t1, . . . , tn)) with n ≥ 3. A theorem of
Pfister (cf. [Pfi95, p.90, Thm. 3.3]) implies that for any integer r ≥ 1, if F is a field
such that every (r + 1)-fold Pfister form over F (
√−1) is hyperbolic, then p(F ) ≤ 2r.
Combined with Milnor’s conjecture, this shows that if the cohomological 2-dimension
cd2(F (
√−1)) of the field F (√−1) is at most r, then p(F ) ≤ 2r.
If k is a field of characteristic 0 such that cd2(k(
√−1)) = r, we have cd2(Fn(
√−1)) ≤
n+ r by [AGV73, XIX, Coro. 6.3]. Hence p(k((t1, . . . , tn))) ≤ 2n+r for such a field k. We
call this estimate Pfister’s bound.
Note that Pfister’s bound is not optimal already in the case k = R. Our goal here is
to give a better estimate in the case n = 3.
We are now ready to prove Theorem 1.4, which states that if k is a field such that
p(k(x, y)) ≤ 2r, then
p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2r .
Here equalities hold when p(k(x, y)) = 2r, since p(k(x, y)) ≤ p(k((x, y, z))) by [Hu15,
Coro. 2.3].
Proof of Theorem 1.4. If k is nonreal, then by (4.1.1) and [Hu15, Prop. 3.2] we have
p(k((x, y, z))) = p(k((x, y))(t)) = s(k) + 1 = s(k(x)) + 1 = p(k(x, y))
and
p(k((x, y))((z, t))) = s(k((x, y))) + 1 = s(k) + 1 = p(k(x, y)) .
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So we may assume k is real. It has been proved in [Hu15, Corollaries 2.3 and 4.4] that
the inequalities
p(k(x, y)) ≤ p(k((x, y, z))) ≤ p(k((x, y))(t))
hold in general. Moreover,
p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ,
and the two Pythagoras numbers in this inequality are bounded by the same 2-powers
whenever such bounds exist (cf. [CDLR82, Thm. 5.18] and [Hu15, Thm. 3.1]).
It is thus sufficient to show the inequality p(k((x, y))(t)) ≤ 2r under the assumption
p(k(x, y)) ≤ 2r. By Pfister’s theorem, we need only to show s(K) ≤ 2r−1 for every finite
nonreal extension K of the field k((x, y)). Since this property has an interpretation in
terms of the vanishing of a cohomology class inHr(K, Z/2) and we have a Hasse principle
for the cohomology group Hr(K, Z/2) (Theorem 1.2), it suffices to show that if A is the
integral closure of k[[x, y]] in K and if X → Spec(A) is chosen as in Notation 1.1, then
s(Kv) ≤ 2r−1 for every v ∈ X (1).
For each v ∈ X (1), the residue field κ(v) has the same level as Kv, and κ(v) is
either isomorphic to k′((t)) for some finite nonreal extension k′/k, or a function field
of transcendence degree 1 over k. In the former case, Pfister’s theorem applied to the
real field k shows that s(κ(v)) = s(k′) ≤ 2r−1, since p(k(t)) ≤ p(k(x, y)) ≤ 2r. In the
latter case, κ(v) is (isomorphic to) a finite nonreal extension of k(x). Again by Pfister’s
theorem, applied to the real field k(x) this time, we get s(κ(v)) ≤ 2r−1. The theorem is
thus proved.
Theorem 1.4 allows us to generalize the results in [Hu15, §5].
Corollary 4.5. Let k be an algebraic function field of transcendence degree d ≥ 0 over
a field k0.
(i) If k0 is a real closed field, then
p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2d+2 .
(ii) If k0 is a number field, i.e., a finite extension of Q, then
p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2d+3 .
Proof. In case (i) we have p(k(x, y)) ≤ 2d+2 by [Pfi95, p.95, Examples 1.4 (4)].
In case (ii), thanks to Jannsen’s work on Kato’s conjecture [Jan16] and the proof of
Milnor’s conjecture ([OVV07]), we can deduce p(k(x, y)) ≤ 2d+3 from [CTJ91, Thm. 4.1].
So the corollary follows from Theorem 1.4.
In the above corollary, Pfister’s bound is 2d+3 in case (i) and 2d+5 in case (ii). The
upper bound in (i) is likely to be optimal when k is a rational function field.
Lemma 4.6. Let k0 be a field of characteristic 6= 2, n ≥ 1 and k = k0((t1)) · · · ((tn)). Let
r ≥ 2 be an integer such that p(k0(x, y)) ≤ 2r. Then p(k(x, y)) ≤ 2r.
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Proof. By induction we may reduce to the case n = 1. If k0 is nonreal, the result follows
from the fact that s(k0) = s(k0((t))) = s(k) in view of (4.1.1). So we may assume k0
is real. By Pfister’s theorem, it suffices to prove s(K) ≤ 2r−1 for every finite nonreal
extension K of k(x) = k0((t))(x). The argument for a similar statement given in our
proof of Theorem 1.4 works verbatim, since our cohomological Hasse principle is also
valid in the semi-global case. Alternatively, one can use [BGVG14, Thm. 6.7].
Corollary 4.7. Let k0 be a field, n ≥ 1 and k = k0((t1)) · · · ((tn)).
(i) If k0 is a function field of transcendence degree d ≥ 0 over a real closed field, then
p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2d+2 .
(ii) If k0 is a function field of transcendence degree d ≥ 0 over Q, then
p(k((x, y, z))) ≤ p(k((x, y))(t)) ≤ p(k((x, y))((z, t))) ≤ 2d+3 .
Proof. We get the desired upper bound for p(k0(x, y)) as in the proof of Corollary 4.5.
By Lemma 4.6, this yields the same bound for p(k(x, y)), so the result follows from
Theorem 1.4.
As mentioned in the introduction, the results of the above corollary improve greatly
on Pfister’s bounds.
Acknowledgements. The author is grateful to an anonymous referee for helpful com-
ments.
References
[AGV73] M. Artin, A. Grothendieck, and J.-L. Verdier. The´orie des Topos et Coho-
mologie E´tale des Sche´mas (SGA 4), Tome 3, volume 305 of Lecture Notes
in Math. Springer-Verlag, 1973.
[Ara84] Jo´n Kr. Arason. A proof of Merkurjev’s theorem. In Quadratic and Her-
mitian forms (Hamilton, Ont., 1983), volume 4 of CMS Conf. Proc., pages
121–130. Amer. Math. Soc., Providence, RI, 1984.
[BGVG14] Karim Becher, David Grimm, and Jan Van Geel. Sums of squares in algebraic
function fields over a complete discretely valued field. Pacific J. Math.,
267(2):257–276, 2014.
[BKG04] Mikhail Borovoi, Boris Kunyavski˘ı, and Philippe Gille. Arithmetical bira-
tional invariants of linear algebraic groups over two-dimensional geometric
fields. J. Algebra, 276(1):292–339, 2004.
[BVG09] Karim Johannes Becher and Jan Van Geel. Sums of squares in function fields
of hyperelliptic curves. Math. Z., 261(4):829–844, 2009.
21
[CDLR82] M. D. Choi, Z. D. Dai, T. Y. Lam, and B. Reznick. The Pythagoras number
of some affine algebras and local algebras. J. Reine Angew. Math., 336:45–82,
1982.
[Che03] V. Chernousov. The kernel of the Rost invariant, Serre’s conjecture II and the
Hasse principle for quasi-split groups 3,6D4, E6, E7. Math. Ann., 326(2):297–
330, 2003.
[CT11] J.-L. Colliot-The´le`ne. Quelques proble`mes locaux-globaux. personal notes,
available at http://www.math.u-psud.fr/˜colliot/liste-cours-exposes.html,
2011.
[CTGP04] J.-L. Colliot-The´le`ne, P. Gille, and R. Parimala. Arithmetic of linear alge-
braic groups over 2-dimensional geometric fields. Duke Math. J., 121(2):285–
341, 2004.
[CTJ91] Jean-Louis Colliot-The´le`ne and Uwe Jannsen. Sommes de carre´s dans les
corps de fonctions. C. R. Acad. Sci. Paris Se´r. I Math., 312(11):759–762,
1991.
[CTOP02] J.-L. Colliot-The´le`ne, M. Ojanguren, and R. Parimala. Quadratic forms
over fraction fields of two-dimensional Henselian rings and Brauer groups of
related schemes. In Algebra, arithmetic and geometry, Part I, II (Mumbai,
2000), volume 16 of Tata Inst. Fund. Res. Stud. Math., pages 185–217. Tata
Inst. Fund. Res., Bombay, 2002.
[CTPS12] Jean-Louis Colliot-The´le`ne, Raman Parimala, and Venapally Suresh. Patch-
ing and local-global principles for homogeneous spaces over function fields
of p-adic curves. Comment. Math. Helv., 87(4):1011–1033, 2012.
[CTPS16] J.-L. Colliot-The´le`ne, R. Parimala, and V. Suresh. Lois de re´ciprocite´
supe´rieures et points rationnels. Trans. Amer. Math. Soc., 368(6):4219–4255,
2016.
[Del77] P. Deligne. Cohomologie e´tale, volume 569 of Lecture Notes in Math.
Springer, 1977.
[Gar01] Ryan Skip Garibaldi. The Rost invariant has trivial kernel for quasi-split
groups of low rank. Comment. Math. Helv., 76(4):684–711, 2001.
[Gro67] A. Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des
sche´mas et des morphismes de sche´mas IV. Inst. Hautes E´tudes Sci. Publ.
Math., (32):361, 1967.
[HHK09] David Harbater, Julia Hartmann, and Daniel Krashen. Applications of
patching to quadratic forms and central simple algebras. Invent. Math.,
178(2):231–263, 2009.
22
[HHK14] David Harbater, Julia Hartmann, and Daniel Krashen. Local-global princi-
ples for Galois cohomology. Comment. Math. Helv., 89(1):215–253, 2014.
[HHK15] David Harbater, Julia Hartmann, and Daniel Krashen. Local-global princi-
ples for torsors over arithmetic curves. Amer. J. Math., 137(6):1559–1612,
2015.
[Hu12a] Yong Hu. Approximation faible et principe local-global pour certaines varie´te´s
rationnellement connexes. PhD thesis, Universite´ Paris-Sud, Orsay, France,
2012.
[Hu12b] Yong Hu. Local-global principle for quadratic forms over fraction fields
of two-dimensional Henselian domains. Ann. Inst. Fourier (Grenoble),
62(6):2131–2143 (2013), 2012.
[Hu13] Yong Hu. Division algebras and quadratic forms over fraction fields of two-
dimensional henselian domains. Algebra Number Theory, 7(8):1919–1952,
2013.
[Hu14] Yong Hu. Hasse principle for simply connected groups over function fields
of surfaces. J. Ramanujan Math. Soc., 29(2):155–199, 2014.
[Hu15] Yong Hu. The Pythagoras number and the u-invariant of Laurent series
fields in several variables. Journal of Algebra, 426:243–258, 2015.
[Jan16] Uwe Jannsen. Hasse principles for higher-dimensional fields. Ann. of Math.
(2), 183(1):1–71, 2016.
[Jaw01] Piotr Jaworski. On the strong Hasse principle for fields of quotients of power
series rings in two variables. Math. Z., 236(3):531–566, 2001.
[JR89] Bill Jacob and Markus Rost. Degree four cohomological invariants for
quadratic forms. Invent. Math., 96(3):551–570, 1989.
[Kat80] Kazuya Kato. A generalization of local class field theory by using K-groups.
II. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 27(3):603–683, 1980.
[Kat86] Kazuya Kato. A Hasse principle for two-dimensional global fields. J. Reine
Angew. Math., 366:142–183, 1986. With an appendix by Jean-Louis Colliot-
The´le`ne.
[KMRT98] Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-Pierre Tig-
nol. The book of involutions, volume 44 of American Mathematical Society
Colloquium Publications. American Mathematical Society, Providence, RI,
1998. With a preface in French by J. Tits.
[Lam05] T. Y. Lam. Introduction to quadratic forms over fields, volume 67 of Grad-
uate Studies in Mathematics. American Mathematical Society, Providence,
RI, 2005.
23
[Lip75] Joseph Lipman. Introduction to resolution of singularities. In Algebraic
geometry (Proc. Sympos. Pure Math., Vol. 29, Humboldt State Univ., Arcata,
Calif., 1974), pages 187–230. Amer. Math. Soc., Providence, R.I., 1975.
[Mil80] James S. Milne. E´tale cohomology, volume 33 of Princeton Mathematical
Series. Princeton University Press, Princeton, N.J., 1980.
[MS90] A. S. Merkurjev and A. A. Suslin. Norm residue homomorphism of degree
three. Izv. Akad. Nauk SSSR Ser. Mat., 54(2):339–356, 1990.
[OVV07] D. Orlov, A. Vishik, and V. Voevodsky. An exact sequence for KM∗ /2 with
applications to quadratic forms. Ann. of Math. (2), 165(1):1–13, 2007.
[Pan03] I. A. Panin. The equicharacteristic case of the Gersten conjecture. Tr. Mat.
Inst. Steklova, 241(Teor. Chisel, Algebra i Algebr. Geom.):169–178, 2003.
[Pfi95] Albrecht Pfister. Quadratic forms with applications to algebraic geometry and
topology, volume 217 of London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 1995.
[PR94] Vladimir Platonov and Andrei Rapinchuk. Algebraic groups and number
theory, volume 139 of Pure and Applied Mathematics. Academic Press, Inc.,
Boston, MA, 1994. Translated from the 1991 Russian original by Rachel
Rowen.
[Pre13] R. Preeti. Classification theorems for Hermitian forms, the Rost kernel and
Hasse principle over fields with cd2(k) ≤ 3. J. Algebra, 385:294–313, 2013.
[Sai86] Shuji Saito. Arithmetic on two-dimensional local rings. Invent. Math.,
85(2):379–414, 1986.
[Sai87] Shuji Saito. Class field theory for two-dimensional local rings. In Galois rep-
resentations and arithmetic algebraic geometry (Kyoto, 1985/Tokyo, 1986),
volume 12 of Adv. Stud. Pure Math., pages 343–373. North-Holland, Ams-
terdam, 1987.
[Sch85] Winfried Scharlau. Quadratic and Hermitian forms, volume 270 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences]. Springer-Verlag, Berlin, 1985.
[Sch01] Claus Scheiderer. On sums of squares in local rings. J. Reine Angew. Math.,
540:205–227, 2001.
[Ser95] Jean-Pierre Serre. Cohomologie galoisienne: progre`s et proble`mes.
Aste´risque, (227):Exp. No. 783, 4, 229–257, 1995. Se´minaire Bourbaki, Vol.
1993/94.
24
[Sha66] I. R. Shafarevich. Lectures on minimal models and birational transformations
of two dimensional schemes. Notes by C. P. Ramanujam. Tata Institute of
Fundamental Research Lectures on Mathematics and Physics, No. 37. Tata
Institute of Fundamental Research, Bombay, 1966.
[Sus85] A. A. Suslin. Algebraic K-theory and the norm-residue homomorphism. J.
Soviet Math., 30:2556–2611, 1985.
[Voe11] Vladimir Voevodsky. On motivic cohomology with Z/l-coefficients. Ann. of
Math. (2), 174(1):401–438, 2011.
Author information:
Yong HU
Universite´ de Caen, Campus 2
Laboratoire de Mathe´matiques Nicolas Oresme
14032, Caen Cedex
France
Email: yong.hu@unicaen.fr
25
